We study the spin-down of a neutron star during its early stages due to the neutrino emission. The mechanism we consider is the subsequent collisions of the produced neutrinos with the outer shells of the star. We find that this mechanism can indeed slow down the star rotation but only in the first tens of seconds of the core formation, which is when the appropriate conditions of flux and collision rate are met. We find that this mechanism can extract less than 1% of the star angular momentum, a result which is much less than previously estimated by other authors.
I. INTRODUCTION
Neutrinos play a significant role in the evolution of various astronomical objects. They should carry away almost all of the gravitational energy lost in the collapse of a massive star during a supernova explosion [1] , phenomenon that was confirmed by the detection of neutrinos from supernova SN1987A, in the available experiments at the time, namely Kamiokande-II [2] , IMB [3] , Baksan [4] , and LSD [5] . Neutrinos are also important in the cooling of the neutron star formed at the center of a supernova explosion [6, 7] . Neutrinos, because of their weak interaction with matter, provide important signals of the inner parts of stars like our Sun [8] and of the cores in stellar collapses [9] . Asymmetric neutrino emission may also be responsible for the large peculiar velocities observed in pulsars [10, 11] . It has also been proposed a long time ago that neutrino emission can slow down the spinning of neutron stars [12, 13] . Here we want to revisit the latter idea, trying to refine the estimate by using our current knowledge of the physics of neutrinos and their emission in neutron stars.
The majority of neutron stars are known to have large angular velocities, and in the case of radio pulsars one can directly measure their speed of rotation. It is also observed that, on average, their rotation tends to slow down with time, a phenomenon that is explained by emission of electromagnetic waves or, in some conditions, by the emission of gravitational waves or other processes [14] . This should be the case during most of the life of the neutron star. However, at the early stages, during the collapse and formation of the star core (in a time scale of 10 s), which is when the flux is intense enough and the mean free path is comparable to the star size [15] , the spin-down of this protoneutron star (PNS) can be influenced by the collisions of the neutrinos with the star matter as they escape. It is interesting to notice that the opposite effect, i.e. the acceleration of a neutron star rotation, has also been proposed [16] for the case of neutrinos interacting with strong toroidal magnetic fields inside stars.
Note that neutrino emission can also decrease the angular momentum of the star due to the change in the gravitational mass of the star [17] [18] [19] . According to the estimate of Ref. [19] , a star can lose at most 40% of its initial angular momentum. Other proposed mechanisms of angular momentum loss at early stages of the PNS evolution include viscous processes [20] , transfer of rotational energy into the energy of the supernova explosion [21] , magnetic PNS winds [22] , and propeller mechanisms [23] . However, it was found in Ref. [24] that none of these theoretical explanations can robustly spin-down a PNS from about several ms to the observed periods of rotation of young pulsars. We must add that the loss of angular momentum by neutrino emission may also occur if there is anisotropy at the neutrino production points, which may be the case if the star matter has significant polarization due to the star magnetic field [25] . However, we do not consider this effect here. In our work we are interested in the case in which the production is rather isotropic, but neutrinos travel a sizable distance in the star and subsequently scatter with matter in outer shells where the transverse velocity of the medium is larger.
In this work we revise the previous estimates for the spin-down of PNS by neutrino emission [12, 13] , where it was stated that this mechanism can even possibly stop the star rotation. This result denotes a very dramatic effect, which we want to study using a more detailed work, but still within analytical models in order to study the sensitivity of our results to different parameters of a generic star. Our estimates show that the effect is much weaker than previous estimates -less than 1% reduction of the angular speed. We also check that most refinements in our treatment point to further reduction, not enhancement, of the effect.
In Sec. II we present our conceptual treatment and calculation of the spin-down of PNS due to neutrino emission. In Sec. III we summarize our results and state our conclusions.
II. MODEL AND CALCULATIONS
In this section we formulate the phenomenon of spindown of a forming neutron star due to neutrino emission during the core collapse. The spin-down mechanism consists in the fact that neutrinos which escape from the star are produced in regions around the neutrinosphere, where the transverse velocity of matter is relatively lower, and as they propagate to outer regions, some of them will collide with matter moving with larger transverse velocities, thus absorbing transverse momentum and causing a spin down of the medium. In this sense, the trajectory of an outgoing neutrino should bend as it propagates through the rotating medium, due to collisions. For this effect to be of any significance, the mean free path should be less (but not much less) than the star radius. Otherwise, if the mean free path is much larger, there will be too few collisions, while if it is much shorter, the difference in transverse velocities from the emission to the collision points will be too small.
As cited above, spin-down due to neutrino emission was already proposed in the past. However, with the knowledge available today we can include more details in the treatment, namely (i) take proper account of the weak interactions in the collisions, (ii) use a phenomenological matter composition and density profile in the star instead of a uniform medium, (iii) take into account the opacity of inner parts of the star where neutrinos thermalize, so for the spin-down effect neutrinos are emitted only from a neutrinosphere instead of from the center of the star, and (iv) use thermal spectra for each neutrino species instead of a single monochromatic emission.
We organize the calculation starting from the neutrino production at the neutrinosphere, followed by the individual neutrino collisions with the rotating medium further outside, and finally, by adding these collisions all around the star, to get the result. At each step we state the model of the situation and the approximations used.
Neutrinos are produced everywhere around the star, but at high temperatures (energies) they suffer much scattering and absorption. Therefore, those which manage to escape are not produced at the star center but at the neutrinosphere, or surface of last scattering [26] . The definition of the neutrinosphere is statistical and depends on the medium density as well as the neutrino species and energy. Here we will simply define it as a spherical shell of radius R ns , different for every neutrino species and energy, given by one mean free path less than the star radius,
where R is the star radius and σ ν is the (energydependent) total cross section for neutrino scattering in the star medium with nucleon number density n. Since n depends on the position, Eq. (2.1) is really an equation for R ns that we solve in each case. We consider a PNS medium where a fraction Y n ∼ 0.9 of the nucleons are neutrons and a fraction Y p ∼ 0.1 are protons [6] . We neglect scattering with electrons, because they are in equal number to protons but their cross section is an order of magnitude smaller. We also neglect Pauli blocking or nucleon correlations. These effects should be more important at later stages of the star evolution, when neutrino energies are lower; however, the spin-down caused by neutrinos is negligible then. In any case, correlations tend to reduce the cross sections [27] , pointing further into the direction that previous calculations of the PNS spin-down by neutrinos were overestimated.
The total cross sections (and thus neutrinospheres) differ for three species of neutrinos: electron neutrinos ν e , electron antineutrinosν e , and all other ν x . The neutrinonucleon cross sections, for neutrinos with energies 1−100 MeV, are approximately (see pp. 160-167 in Ref. [1] )
(all ν species),
The total cross sections in the star medium for the species in question are then
which result in the hierarchy σ νe > σν e > σ νx . Consequently, the sizes of the respective neutrinospheres follow the same order and, since the star temperature is higher further inside, the average energies also follow a hierarchy [28] :
Concerning the neutrino spectra, we take two alternative approaches. In our first, simpler approach, we consider purely monoenergetic neutrinos for each species, as given in Eq. (II). Each species ν i has then a definite neutrinosphere. In our second, more refined approach, we consider thermal (Fermi-Dirac) energy distributions for each neutrino species [29] , with temperatures according to the energy averages given in Eq. (II). In this case, the neutrinospheres are continuously distributed. We also checked for the possibility that neutrinos could experience flavor oscillations in matter while propagating from the neutrinosphere towards the star surface, but found this effect to be irrelevant for the spin-down. Neutrino resonant conversion at energies near 10 MeV is important in the expanding envelope [30] where the matter density is (10 26 −10 27 ) cm −3 , but in our region of interest of the star densities are about 10 35 cm −3 (see Ref. [1] ), where flavor oscillations are suppressed. Oscillations can happen, but in a rather thin layer close to the neutron star surface, and so their effect on the spin-down is negligible.
Another group of flavor changing processes, which can influence the angular momentum transfer by neutrinos, is the neutrino flavor conversion due to the ν − ν scattering [31, 32] . This effect was shown to significantly change the initial flavor content of neutrinos in a dense neutrino flux, corresponding to the neutrino luminosity L ν > 10 51 erg/s. It was however found in Ref. [32] that the significant transition probability due to ν − ν collisions is archived at the distances (70 − 80) km from the neutrinosphere surface, i.e. it happens in the envelope of a star. On the contrary, we study the spin-down of PNS due to the collisions with background matter in the core of PNS outside the neutrinosphere at the distances < 20 km from the star center (see Fig. 2 
below).
Note that background matter can also influence the collective neutrino flavor transformations. In order to have some resonance effects in these flavor changing processes, the neutrino density n ν (r) = L ν /4πr 2 E ν , where E ν ∼ 10 MeV is the typical neutrino energy and L ν ∼ 10 52 erg/s, should be comparable with the electrons number density n e . In our calculations we suggest that n e ≈ 0.1n n ∼ 10 34 cm −3 inside the core of PNS at r < (15 − 20) km. The number density of neutrinos at the same distance is n ν ∼ 10 32 cm −3 , which is 2 orders of magnitude less than the electron density. It means that the background matter is unlikely to generate any resonance effects in our case. Now we should address the density profile of the star. The actual density profile strongly depends on the equation of state of the nuclear matter, so these density distributions are generally not well known [33] . Results of numerical simulations for the density profiles [34] can be approximated by the following expression:
where n c is the central density and ǫ is a phenomenological parameter. The ǫ = 0 case corresponds to the well known Tolman VII model [35] . An analogous expression for the density profile was used in the study of nonradial oscillations of a neutron star [36] . In Fig. 1(a) we show the behavior of the density for various values of the parameter ǫ. In order not to obscure the sensitivity of our results to different parts of the calculation, yet with the risk of not being realistic in specific cases, we will use these analytical density profiles instead of full numerical profiles. As shown in Fig. 1(a) , negative ǫ implies a more flat profile with a fast drop at the surface, while positive values imply a gradual decrease of the density from the center to the surface.
From Eqs. (2.1), (2.3) and (2.5) we can get the radii of the neutrinospheres as functions of the parameter ǫ, for a given neutrino energy. In our analysis we use the values n c = (4.7 − 6.6) × 10 38 cm −3 and R = 15 km as well as n c = (2.0 − 2.7) × 10 38 cm −3 and R = 20 km for the central density and the star radius. The total mass of the star calculated on the basis of Eq. (2.5) has the form,
For the chosen densities and radii Eq. (2.6) gives one the mass of PNS in the range (1.4 − 2.0)M ⊙ , depending on the parameter ǫ. Although the mass of a neutron star strongly depends on the equation of state of the neutron star matter, it is unlikely bigger than 2M ⊙ [37] . In Fig. 1(b) we present the ǫ dependence of the function F M (ǫ), which is proportional to the PNS mass. Now, let us address the issue of emission directions. From the neutrinosphere, neutrinos are emitted outwards in all directions. However, as a simplified model for the spin-down effect, we approximate the emission as purely radial, where "radial" is meant in the frame comoving with the local matter at the neutrino production point. In reality, of course, neutrinos are produced in all directions and rigorously one should consider the whole hemisphere of outgoing directions at every point. However, those particles emitted more towards the tangential velocity will transfer less momentum to the star under subsequent scattering, while those emitted against the tangential velocity should transfer more momentum. In order to test the validity of the radial emission model, we performed the calculations in the case of neutrinos emitted in all directions within the equatorial plane and checked that indeed collisions with purely radially emitted neutrinos represent the full spin-down effect up to a geometrical factor near unity. Since there is no need for precision higher than a few tens of a percent, in what follows we will present the estimates within the model of radially produced neutrinos.
The process is then calculated by considering that neutrinos are emitted from their corresponding neutrinosphere and subsequently collide with the star medium on their way out, thus taking away part of the angular momentum. Now let us describe the subsequent elastic collision of the outgoing neutrino with the star matter, which is where the spin down effect takes place. The effective weak interaction for elastic neutrino scattering with a background fermion f has the form [38] ,
where ν(k 1,2 ) are the initial and final neutrino spinors with momenta k 1,2 = (ω 1,2 , k 1,2 ), and f (p 1,2 ) are the respective spinors of the fermions in the medium, with momenta p 1,2 = (E 1,2 , p 1,2 ) respectively. The coefficients g L,R depend on the neutrino scattering channel and are listed in Table I . From the effective interaction of Eq. (2.7), we can build the cross section,
where the matrix element squared for unpolarized scat- 9) with m f being the mass of the fermion f . For radially emitted neutrinos, and taking this radial direction at each collision point as our reference, the incoming fermion from the medium will be perpendicular and the outgoing neutrino will have an arbitrary direction parametrized by the relative polar and azimuthal angles θ 2 and φ 2 , such that
Here v f is the tangential velocity of the star at the interaction point. We are assuming that the thermal velocities of the fermions in the medium average out concerning this effect, and the only effective velocity is the average drift of the medium due to rotation. With these conventions, the dot products of interest are
We can integrate Eq. (2.8) over p 2 to get the differential cross section, 12) where the energy of the outgoing neutrino is given, by energy-momentum conservation, in terms of the scattering angles
. (2.13)
Now we can calculate the rate of transverse momentum transferred to the star at that collision point. Let J(r) be the (radial) neutrino flux incoming to a given collision point; then J(r)(dσ/dΩ 2 ) dΩ 2 is the rate of outgoing neutrinos within dΩ 2 . Since the e φ component of momentum of each of these outgoing neutrinos is ω 2 sin θ 2 sin φ 2 , then the total e φ momentum per unit time transferred to the star due to the outgoing neutrinos ejected from a given collision point is
where dΩ 2 = sin θ 2 dθ 2 dφ 2 . The flux J(r) at the collision point is related to the neutrino flux at the surface of the star, J 0 , by the relation J(r) = J 0 × (R/r) 2 , where R is the star radius. Using Eq. (2.14) we can now calculate the total rate of angular momentum transferred to the star as a whole by just summing over all collision points that lie outside the corresponding neutrinosphere,
where n f (r) is the local number density of target fermions in the medium, and ϑ is the polar angle (colatitude) of the star at the collision point. The full result forL z is the sum of this type of calculation, repeated for each neutrino species. The rate of angular momentum transfer to the star as given in Eq. (2.15) requires the computation of a four-fold integral which has to be evaluated numerically. Nevertheless, within the following approximations one can calculate an analytical expression forL z . First, assuming a star radius R = 20 km and angular velocity Ω = 10 3 s −1 , its equatorial linear velocity (in units of c) is ∼ 0.1. Thus we can treat v f in Eq. (2.13) as a small parameter. In addition, typical energies for the emitted neutrinos are ω 1 ∼ 10 MeV, while the incoming fermion in the medium, which is nonrelativistic, has an energy E 1 near the nucleon mass. Therefore the ratio ω 1 /E 1 is also small. Consequently, we use the approximation,
For the matter velocity at the collision point we use 17) where v 0 is the equatorial velocity of the neutron star.
Here v f corresponds to the relative transverse velocity of the medium at the collision point (radius r) with respect to the velocity of the medium at the neutrino emission point (radius R ns ).
Using Eq. (2.9) and Table I , we can determine the square of the matrix element, for example for the specific reaction ν e n → ν e n, which is |M | 2 = 32G 
where n n (r, ϑ) is the neutron density at the corresponding collision point. It is convenient to present the final result as the ratio between the rate of angular momentum loss and the initial angular momentum of the star L 0 = I Ω, where its moment of inertia is given by 19) and where m n is the neutron mass. Based on Eqs. (2.5) and (2.18) we find for this ratio:
where L ν is the neutrino luminosity and where we have defined the following integrals:
We have just considered the reaction ν e n → ν e n. The contributions of all other neutrino species, including collisions with protons, are treated in a similar way and added to the result. The average neutrino luminosity just after the neutronization stage [28] is L ν ∼ 10 52 erg/s. This large neutrino luminosity lasts for a few seconds, mainly during the Kelvin-Helmholtz stage, with all neutrino types, ν e,µ,τ andν e,µ,τ , having almost equal luminosities, and therefore giving similar contributions to Eq. (2.20) .
A refinement of this neutrino emission model considers the three neutrino species not monoenergetic but with thermal distributions, each with distinct temperatures and chemical potentials. Therefore we can choose the Fermi-Dirac distribution in the form [29] 
5 dy e y−ην + 1 .2)].
In Fig. 2 we present the total angular momentum carried away by all neutrino species, L z = iL z (ν i )∆t, where ∆t = 10 s , in units of the initial angular momentum L 0 , versus the mass of PNS. Here ∆t is the time interval during which the luminosity stays at the high value L ν ≈ 10 52 erg/s. Note that the PNS mass variation on this plot results from its epsilon dependence [see Eq. (2.6) and Fig. 1(b) ].
As one can see from the figures, a larger fraction of the angular momentum can be carried away by neutrinos for a star with bigger radius. We can also notice that with the enhancement of the central density the effect increases. On one hand, the neutrinosphere radius grows with the enhancement of the central density (2.1). Thus neutrinos have less opportunity to collide with rotating matter and the relative velocities from production to collision are also smaller. On the other hand, PNS with equal masses and different central densities correspond to a different ǫ parameter in Eq. (2.6). For example, n c = 4.7 × 10 38 cm −3 corresponds to ǫ = 1 and n c = 6.6 × 10 38 cm −3 to ǫ = 2 for M = 1.4M ⊙ . The bigger value of ǫ implies a more steep density profile near the central region and, hence, a bigger concentration of PNS mass there. It means that effectively a neutrinosphere should decrease at higher ǫ. The results of numerical simulations presented in Fig. 2 shows that the latter effect is more significant.
One can also see in Fig. 2 that the difference between the models of monoenergetic and thermally distributed neutrinos is less than several percent. Thus, a monoenergetic neutrino model is still a good approximation to describe the spin-down.
Including general relativity corrections to the moment of inertia of the neutron star, the values ofL z /L 0 become slightly smaller than those we obtained. For example, if we consider a neutron star with M = 2 M ⊙ , the reduction factors within the Tolman VII model (ǫ = 0) will be ≈ 0.76 for R = 15 km and ≈ 0.82 for R = 20 km [34] . As a result, we find that, by the mechanism we have considered, and within the Tolman VII model as benchmark (ǫ = 0) for a R = 15 km star, neutrinos could carry away up to 2.4×10 −4 of the initial angular momentum of the PNS [compare this value to the corresponding result shown in Fig. 1(a) , which does not include the general relavivity corrections].
For other density profiles, i.e., corresponding to M = 1.4M ⊙ (ǫ = 2), neutrinos can carry away 1.7 × 10 −3 of the initial angular momentum for a star with R = 20 km and n c = 2.8 × 10 38 cm −3 . This result is significantly less than predicted in the previous works [12, 13] .
What follows at later stages of the neutron star evolution is that the neutrinospheres shrink as the star cools down, because the mean free path grows beyond the star radius. This is mainly due to the Pauli blocking reduction of the neutrino scattering cross section. At the same time, the neutrino flux drops down dramatically from its initial values. The expression in Eq. (2.20) is then valid only at the initial stages, which is the only time when the spin-down due to neutrino emission can be of any significance.
III. SUMMARY AND CONCLUSIONS
We have studied the spin-down of a forming neutron star due to neutrino emission. The spin-down by neutrino emission is significant only for the first few seconds of the neutron star evolution, when the size of the neutrinosphere is less than (but comparable to) the radius of the star and the neutrino flux is still large. These conditions allow for neutrinos to have a large enough collision rate. At later stages the star becomes almost transparent for neutrinos and the neutrino flux is too small for this effect to be of any significance, so other spin-down mechanisms take over.
We model the phenomenon by considering neutrinos of type ν e ,ν e , and ν x (where x stands for all other), which have different interaction with the medium, each produced at their corresponding neutrinosphere and moving radially outwards, subsequently colliding with the star matter in the outer shells, where the transverse velocity of the medium is larger than at the production point, thus causing a slowing down of the star.
An arguable part of the model is the consideration of purely radially moving neutrinos at the production points, but we have checked analytically in some simplified cases that the emission in all directions causes an average effect not much different than the purely radial case.
Another simplification is that Pauli blocking and other nucleon correlations are not taken into account, presuming that they are more important at later stages, when neutrino flux and energies are lower and this spin-down mechanism is negligible.
Another important part of the model concerns the density profile, where we use a phenomenological analytical expression instead of more realistic numerical profiles, in order to study the sensitivity to it and have a better comparison to previous estimates to the spin-down phenomenon. We find that the density distribution, n(r), significantly affects the results for the rate of angular momentum loss (see Fig. 1 ). Very few analytical formulas for n(r) models are known, and the majority of the density profiles are available from numerical simulations. We have chosen an exponential density profile (2.5) which depends on a phenomenological parameter ǫ to fit the results of the numerical simulations [34] . For ǫ = 0 this formulation reproduces the well known Tolman VII model. Although this model cannot capture the fine details of individual cases, it reproduces the main features of realistic stars. However, it is unable to explain without fine tuning the enormous range of matter densities, from ∼ 10 6 g/cm 3 in the crust to > 10 14 g/cm 3 in the center. Therefore we have introduced an additional exponential factor in the model for n(r).
As shown in Fig. 1(a) , for positive ǫ the density goes gradually down, while for negative ǫ it stays high almost all over the star, falling sharply at the surface. Consistently, Fig. 2 shows that the spin-down effect is bigger for PNS with smaller mass at the fixed central density. Taking into account Fig. 1(b) we obtain that spin-down should increase with the enhancement of ǫ because a higher and flatter density implies a larger neutrinosphere radius, thus decreasing the relative velocity of the star at the collision point with respect to the point of production. On the contrary, if neutron stars would feature a more gradual density descent, the average distance from the neutrinospheres to the collision points will increase, causing a stronger spin-down effect.
We have found that, for some density profiles corresponding to ǫ = 2 in the case of a PNS with R = 20 km and central density n c = 2.8 × 10 38 cm −3 , which gives one M = 1.4M ⊙ , neutrinos can carry away up to about 1.7×10 −3 of the initial angular momentum of the neutron star, provided that an average neutrino luminosity near L ν = 10 52 erg/s lasts for about 10 s during the KelvinHelmholtz stage of the neutron star evolution. The results of our calculations for other central densities and radii are presented in Fig. 2 .
We should recall that previous estimates [12, 13] gave larger values ofL z , and it was even predicted that the rotation of a neutron star could be stopped by neutrino emission (or equivalently, a reduction of the angular velocity by more than an order of magnitude). After using a variable density profile, our better knowledge of electroweak interactions today, and the most recent data on the neutrino flux, we find that the results are clearly not as dramatic.
Let us examine the importance of various factors which were not accounted for in the previous calculations of the PNS spin down [12, 13] . For example, we can discuss the situation when all neutrinos are monoenergetic, with E ν ∼ 10 MeV and L ν ∼ 10 52 erg/s, and are emitted from the PNS center, whereas the density profile is given by Eq. (2.5). The considered case is equivalent to the neutrinosphere with zero radius: x 0 = 0 in Eq. (2.21). Using Eq. (2.20) for PNS with R ∼ (15−20) km, we obtain that z ∆t ∼ L 0 , where ∆t ∼ several seconds. Therefore we obtain that the rotation of PNS can be significantly reduced by the neutrino emission provided all the particles are emitted in the center of PNS, which reproduces the results of Refs. [12, 13] . It means that the concept of the neutrinosphere is the most important in our calculations.
It can be also shown that various density distribution profiles can change the PNS spin-down, however not so dramatically. Concerning other corrections, the inclusion of Pauli blocking or nucleon correlations would tend to make the effect even smaller; different proportions of neutrino species or neutrino oscillations only induce minor or negligible changes; using monoenergetic or thermally distributed neutrinos also result in minor differences in the spin-down effect.
Concerning the experimental observation of this effect, unfortunately there is quite limited information about the initial angular velocities of neutron stars. An effort to infer initial angular velocities of PNS has been made [39] , where it was revealed that there should be a large uncertainty in the results.
